find the explicit general solution to
the following differential equation

**How to Find the Explicit General Solution to the Following Differential
Equation**

find the explicit general solution to the following differential equation is
a task that often arises in calculus, physics, engineering, and many applied
sciences. Understanding how to approach and solve these equations 1is
fundamental for anyone dealing with mathematical modeling or dynamic systems.
In this article, we will explore the process of finding explicit general
solutions to differential equations, clarify important concepts, and provide
techniques that make solving them more accessible and intuitive.

Understanding the Explicit General Solution in
Differential Equations

Before diving into the methods, it’s important to grasp what an explicit
general solution means. A differential equation is an equation involving
derivatives of an unknown function. The solution to a differential equation
is a function (or family of functions) that satisfies the equation.

- **Explicit solution** means the solution is written in the form \( y = f(x)
\), where \( y \) is isolated.

- **General solution** refers to the complete set of solutions including
arbitrary constants that represent all possible solutions to the differential
equation.

Finding the explicit general solution involves manipulating the equation to
express the dependent variable clearly and including constants that cover
initial conditions or boundary values.

Types of Differential Equations and Their
Solutions

Differential equations come in various forms, and the approach to finding the
explicit general solution depends on the type. Here are some common types:

1. First-Order Differential Equations

These involve the first derivative \( \frac{dy}{dx} \) and can often be



solved by:

- **Separation of variables**: When the equation can be written as \( g(y) dy
= f(x) dx \).

- **Integrating factor method**: Useful for linear first-order equations of
the form \( \frac{dy}{dx} + P(x)y = Q(x) \).

- **Exact equations**: When the differential equation represents an exact
differential, allowing direct integration.

2. Second-Order Differential Equations

These involve second derivatives \( \frac{d"2y}{dx~2} \) and often appear in
mechanical and electrical systems. Techniques include:

- **Characteristic equation method** for linear equations with constant
coefficients.

- **Variation of parameters** or **undetermined coefficients** for
nonhomogeneous equations.

3. Higher-Order and Nonlinear Equations

More complex equations may require specialized methods or numerical
solutions, but often you can reduce them to first- or second-order forms or
use substitution methods.

Step-by-Step Approach to Find the Explicit
General Solution to the Following Differential
Equation

Let’s break down a typical process to find explicit solutions:

Step 1: Identify the Type of Differential Equation

Recognize if the equation is separable, linear, exact, or belongs to another
class. This identification guides your choice of solving method.

Step 2: Manipulate the Equation into a Solvable Form

Rewrite the equation to isolate terms involving \( y \) and \( dy \) on one
side and \( x \) and \( dx \) on the other, if possible.



Step 3: Apply the Appropriate Method

- For separable equations, integrate both sides.
- For linear equations, find the integrating factor.
- For exact equations, verify exactness and integrate accordingly.

Step 4: Integrate to Find the General Solution

Perform the necessary integrations, keeping track of the constants of
integration.

Step 5: Express the Solution Explicitly

Solve for \( y \) in terms of \( x \) to obtain the explicit general
solution.

Example: Find the Explicit General Solution to
the Following Differential Equation

Consider the differential equation:

\ [
\frac{dy}{dx} = \frac{y}{x} + x*2 e~{x}
\1]

Let’s find its explicit general solution.

Step 1: Identify the Equation Type

The equation can be rewritten as:

\ [
\frac{dy}{dx} - \frac{1l}{x} y = x*2 e~{x}
\1

This is a linear first-order differential equation of the form:

\ [
\frac{dy}{dx} + P(x) y = Q(x)
\1]

where \( P(x) = -\frac{1}{x} \) and \( Q(x) = x*2 e™~{x} \).



Step 2: Find the Integrating Factor

The integrating factor \( \mu(x) \) is given by:

\ [

\mu(x) = e~{\int P(x) dx} = e~{\int -\frac{l}{x} dx} = e~{-\ln|x]|} =
\frac{1}{x}

\1

Step 3: Multiply Through by the Integrating Factor

Multiply both sides by \( \frac{1l}{x} \):

\ [
\frac{1l}{x} \frac{dy}{dx} - \frac{l}{x"2} y = x e™{x}
\1

Notice that the left-hand side is the derivative of \( \frac{y}{x} \):

\ [
\frac{d}{dx} \left( \frac{y}{x} \right) = x e™{x}
\1]

Step 4: Integrate Both Sides

Integrate with respect to \( x \):

\ [
\int \frac{d}{dx} \left( \frac{y}{x} \right) dx = \int x e~{x} dx
\1]

The left side integrates to:

\ [

\frac{y}{x}

\1]

The right side requires integration by parts:
Let \( u=x1\), \( dv = e™{x} dx \).

Then:

\ [
du = dx, \quad v = e™{x}
\1]



So:

\ [
\int x e™{x} dx = x e™{x} - \int e™{x} dx = x e™{x} - e™{x} + C
\1

Step 5: Solve for \( y \)

Multiply both sides by \( x \):

\ [
y = X(x e™{x} - e™{x} + () = x™{2} e™{x} - x e”{x} + C x
\1]

This is the explicit general solution to the differential equation.

Tips and Insights for Finding Explicit
Solutions

Finding the explicit general solution to the following differential equation
can sometimes be tricky, especially when the equation isn’t straightforward.
Here are some helpful tips:

- **Check if the equation is exact or can be made exact:** Sometimes
multiplying the entire equation by an integrating factor turns a non-exact
equation into an exact one.

- **¥Look for substitutions:** For nonlinear or complicated equations,
substitutions such as \( v = y/x \) or \( y = ux \) can simplify the
equation.

- **Use known solution forms:** For linear equations, always try to rewrite
into standard form \( y' + P(x) y = Q(x) \) and use integrating factors.

- **Keep track of constants:** The constant of integration is key to
expressing the general solution, accounting for initial conditions.

- **Practice with different types:** Exposure to diverse examples improves
intuition and recognition of solution methods.

Why Finding Explicit General Solutions Matters

In many real-world applications, having an explicit general solution allows
you to predict system behavior, optimize processes, or analyze stability. For
example:

- In physics, differential equations describe motion, heat transfer, and wave
propagation.



- In biology, they model population dynamics and spread of diseases.
- In engineering, control systems and circuit analysis rely on solving such
equations.

Thus, mastering the skill to find explicit general solutions not only
enhances mathematical proficiency but also opens doors to practical problem-
solving.

Summary

When you set out to find the explicit general solution to the following
differential equation, the key is to first understand the nature of the
equation and then apply appropriate solving techniques—be it separation of
variables, integrating factors, or substitution methods. Through systematic
steps—identification, manipulation, integration, and isolation-you can arrive
at a clear and explicit form of the solution. Remember, each differential
equation may require a slightly different approach, and building familiarity
with various methods will make this process smoother and more intuitive over
time.

Frequently Asked Questions

What is the explicit general solution to the
differential equation dy/dx = 3x°27?

To solve dy/dx = 3x™2, integrate both sides with respect to x: y = [3x"2 dx =
x*3 + C, where C is the constant of integration.

How do you find the explicit general solution of the
differential equation dy/dx + y = 0?

This is a first-order linear differential equation. Rewrite as dy/dx = -y.
Separate variables: dy/y = -dx. Integrate both sides: ln|y| = -x + C.
Exponentiate: y = Ce”™{-x}, where C is an arbitrary constant.

What is the method to find the explicit general
solution for a separable differential equation?

For a separable differential equation dy/dx = g(x)h(y), rewrite as dy/h(y) =
g(x) dx, then integrate both sides: [1/h(y) dy = Jg(x) dx + C. Solve the
resulting equation for y explicitly, if possible, to get the explicit general
solution.



How can you find the explicit general solution of
the differential equation d~2y/dx"2 - 4 dy/dx + 4y =
0?

This is a linear homogeneous second-order differential equation with constant
coefficients. The characteristic equation is r*2 - 4r + 4 = 0, which factors
as (r - 2)”2 =0, so r = 2 is a repeated root. The general solution is y =
(C1+ C2 x)e~{2x}, where C 1 and C 2 are constants.

How do you find the explicit general solution to the
differential equation dy/dx = (x + y)~"2?

This is a nonlinear differential equation and can be solved by substituting v
= X + Yy, then dv/dx = 1 + dy/dx. Given dy/dx = v~2, then dv/dx = 1 + v"2.
Rearranged: dv/(1 + v~2) = dx. Integrate both sides: arctan(v) x + C.
Substitute back v = x + y: arctan(x + y) = x + C. Solve for y: y = tan(x + C)
- X.

What is the explicit general solution for the
differential equation dy/dx = y/x?

This is a separable differential equation. Rewrite as dy/y = dx/x. Integrate
both sides: [(1/y) dy = [(1/x) dx, yielding ln|y| = ln|x| + C. Exponentiate:
y = Ce™{ln|x|} = Cx, where C is an arbitrary constant.

Additional Resources

Find the Explicit General Solution to the
Following Differential Equation: A Professional
Analysis

find the explicit general solution to the following differential equation is
a fundamental task in mathematical analysis, particularly within the realms
of applied mathematics, physics, and engineering. Differential equations
serve as powerful tools to model various natural phenomena, from population
dynamics to electrical circuits. However, finding explicit solutions often
presents a formidable challenge due to the diversity in types and
complexities of these equations.

This article delves into the methodologies and analytical frameworks used to
extract the explicit general solution to specific differential equations. We
explore classical techniques, interpret their relevance, and discuss how
these approaches integrate with modern computational methods. Throughout, we
will weave in relevant keywords such as "ordinary differential equations,"



"solution methods, initial value problems," and "boundary conditions,”
ensuring a comprehensive and SEO-friendly exploration of the topic.

Understanding the Differential Equation
Framework

Before embarking on the journey to find the explicit general solution to the
following differential equation, it is critical to outline the nature and
classification of differential equations. These equations can broadly be
divided into ordinary differential equations (ODEs) and partial differential
equations (PDEs), with ODEs involving derivatives with respect to a single
independent variable.

Types of Differential Equations

The classification helps determine the most suitable method for solving:

e First-order differential equations: These involve the first derivative
and are often solvable through separation of variables or integrating
factors.

e Higher-order differential equations: These include second-order or
greater derivatives and often require characteristic equations or
reduction of order techniques.

e Linear vs Nonlinear: Linear differential equations adhere to the
principle of superposition, making their explicit solutions more
straightforward, whereas nonlinear equations usually demand specialized
or numerical methods.

Understanding the equation's type is a crucial first step in the expedition
to find the explicit general solution to the following differential equation.

Classical Methods to Find Explicit Solutions

When tasked to find the explicit general solution to the following
differential equation, mathematicians often rely on a suite of classical
methods refined over centuries. Each method offers advantages and constraints
depending on the equation’s structure.



Separation of Variables

One of the simplest and most direct methods involves rewriting the equation
to isolate variables on different sides. For instance, equations of the form
dy/dx = g(x)h(y) can be separated as:

dy/h(y) = g(x) dx

Integrating both sides yields an implicit solution, which may sometimes be
expressed explicitly. This method excels in first-order ODEs with separable
forms but is limited when the equation cannot be decomposed neatly.

Integrating Factors

For linear first-order ODEs of the form:
dy/dx + P(x)y = Q(x)

an integrating factor p(x) = exp(JP(x) dx) is employed to transform the
equation into an exact differential, facilitating integration. This technique
provides an explicit general solution when applicable, balancing simplicity
with broad applicability.

Characteristic Equation for Linear Higher-Order ODEs

When facing linear differential equations with constant coefficients, such
as:

a ndry/dx" + a {n-1} d*{n-1}y/dx*{n-1} + ... + a 0y =0

the characteristic polynomial approach is paramount. Solving the
characteristic equation for roots allows constructing the general solution as
a combination of exponential, sinusoidal, or polynomial functions depending
on root multiplicities and nature (real vs complex).

Variation of Parameters

For nonhomogeneous differential equations, variation of parameters is a
powerful method to find a particular solution, supplementing the homogeneous



general solution. This approach is especially potent when the right-hand side
is complex and not amenable to simple guessing or undetermined coefficients.

Step-by-Step Example: Finding the Explicit
General Solution

To concretize these abstract concepts, consider the following differential
equation:

dy/dx + 3y = 6X

The objective: find the explicit general solution.

Step 1: Identify the Equation Type

This is a first-order linear ODE with P(x) = 3 and Q(x) = 6x.

Step 2: Compute the Integrating Factor

H(x) = exp([3 dx) = e~{3x}

Step 3: Multiply Through by the Integrating Factor

e™{3x} dy/dx + 3 e™{3x} y = 6x e~{3x}
Notice the left side is the derivative of (e™{3x} y):

d/dx (e™{3x} y) = 6x e~{3x}

Step 4: Integrate Both Sides

[ d/dx (e™{3x} y) dx = | 6x e™{3x} dx



The left integration is trivial:
e™{3x} y = | 6x e~{3x} dx + C

Integration on the right side requires integration by parts.

Step 5: Solve the Integral Using Integration by
Parts

Let:

eu =X [] du = dx

edv =6 e™{3x} dx [J v = 2 e™{3x}
Applying integration by parts:

[ 6x e™{3x} dx = 2 x e™{3x} - [ 2 e~{3x} dx = 2 x e™{3x} -
\frac{2}{3} e™{3x} + K

Step 6: Write the General Solution Explicitly

Substitute back:

e™{3x} y = 2 x e™{3x} - \frac{2}{3} e™{3x} + C
Divide both sides by e™{3x}:

y =2 x - \frac{2}{3} + C e~{-3x}

This expression represents the explicit general solution to the differential
equation.



Comparative Insights: Analytical vs Numerical
Solutions

While the above example showcases a clean path to an explicit general
solution, many real-world differential equations are not as accommodating.
Nonlinearities, variable coefficients, and complex boundary conditions often
preclude closed-form expressions.

In such scenarios, numerical methods like Euler’s method, Runge-Kutta
schemes, and finite difference methods become invaluable. These approaches
approximate solutions with controllable accuracy, enabling engineers and
scientists to model systems where explicit formulas are unattainable.

However, whenever possible, finding the explicit general solution to the
following differential equation offers profound advantages:
e Insight: Analytical expressions provide direct understanding of system

behavior and parameter dependencies.

e Efficiency: Closed-form solutions allow rapid evaluation without
iterative computations.

e Benchmarking: Explicit solutions serve as benchmarks to validate
numerical methods.

Balancing these factors is central to applied mathematical practice.

Advanced Techniques and Special Functions

Certain differential equations, especially those emerging in physics or
engineering, involve special functions such as Bessel functions, Legendre
polynomials, or hypergeometric functions. Finding explicit general solutions
in such cases requires familiarity with these functions and their properties.

For instance, the Bessel differential equation:
x?2 d?y/dx? + x dy/dx + (x? - n?2) y =0

does not admit elementary function solutions but has well-studied Bessel
functions as its explicit general solution. Recognizing such equations and
leveraging existing mathematical tables or computational libraries is a
crucial skill for professionals.



When to Use Laplace Transforms

The Laplace transform is another powerful tool to find explicit solutions,
particularly for linear ODEs with given initial conditions. By converting
differential equations into algebraic forms in the Laplace domain, one can
solve complex initial value problems systematically.

This method is especially beneficial for engineers dealing with circuit
analysis or mechanical vibrations, where input functions can be discontinuous
or piecewise defined.

Summary of Key Steps to Find Explicit General
Solutions

For practitioners aiming to find the explicit general solution to the
following differential equation, the process often includes:

1. Classifying the differential equation type (order, linearity,
homogeneity).

2. Selecting an appropriate solving technique (separation of variables,
integrating factor, characteristic equation, variation of parameters,
Laplace transform).

3. Applying integration methods and algebraic manipulation to isolate the
dependent variable.

4. Interpreting the solution in context, considering initial or boundary
conditions.

5. Utilizing computational tools when closed-form solutions are
impractical.

Mastering these steps enhances one’s capacity to tackle a broad spectrum of
differential equations encountered in scientific and engineering disciplines.

In the intricate landscape of differential equations, the quest to find the
explicit general solution to the following differential equation remains both
an art and a science. Whether approached through classical analytical
techniques or aided by modern computational resources, the ability to uncover
these solutions underpins much of the progress in modeling the natural and
engineered world.
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